We present the spacetime of a five-dimensional static black hole within EinsteinMaxwell theory. The solution represents a Kaluza-Klein black hole, whereby the solution is wholly five-dimensional near the horizon, but becomes effectively fourdimensional (with a compact fifth dimension) at the spatial infinity. The black-hole is electrically charged and so has two horizons, with a horizon geometry of squashed three-spheres, and is defined by four parameters, generalizing the previously known solution. *
Introduction
The past century of physics has been very successful in uniting forces, forces previously considered to be distinct. The electric and magnetic forces have been successfully unified into a single electromagnetic force in the work of Maxwell, with electromagnetism later being unified with the weak nuclear force and strong nuclear force. Gravity is, as yet, not included within a coherent theory with these other forces, making it a very tempting target. The unification of gravity with the other forces requires it to be quantized, as the other forces have been observed to be, and attempts to quantize gravity have increased the interest in the possibility of hither-to unobserved extra dimensions.
These extra dimensions are of interest because they can reduce the energy scale needed for unification of the forces, possibly reducing it many orders of magnitude, to TeV scales which could be achieved in accelerators. Such higher dimensional black holes and their properties have been studied by a number of authors [1, 2, 3, 4, 5, 6] . Many higher dimensional analogues of known four-dimensional spacetimes have already been discovered, including those of the Schwarzschild and Reissner-Nordström solutions found by Tangherlini [5] . Also, an analogue of the Kerr solution has been found by Myers and Perry [4] . The discovery of new exact solutions (either analytic or numerical) increases our understanding of these extra dimensions and reveals that gravity in higher dimensions exhibits much richer dynamics than in four dimensions, with solutions existing that have nothing comparable in four dimensions. Some have been found to be effectively only four dimensional far from the horizon, such black holes have been labelled Kaluza-Klein black holes.
Though we have no experimental reason to believe that there could be five dimensions, there are theories which do require the number of dimensions to differ from four. String theory and M theory present great possibilities for revealing more about the quantization of gravity and its eventual unification with other forces. These however require the number of dimensions to be higher than four, and require ten and eleven spacetime dimensions respectively. Explaining why we do not see these dimensions is an additional challenge to string theorists, however showing that they do exist by experiments would be a great benefit to the study of string theory. Extra dimensions could be hidden by their small size, raising the interest in the compact dimensions of Kaluza Klein black holes.
We present the spacetime of a five dimensional static black hole within EinsteinMaxwell theory, based on spatial surfaces which are cohomogeneity one, with the level surfaces corresponding to squashed three-spheres. We then go on to investigate its structure and composition, looking at the spacetime's asymptotic behavior and its physical properties, including the mass, charge and temperature. The spacetime is asymptotically locally flat, with the asymptotic limit not apearing as 4+1 Minkowski spacetime but rather as 3+1 Minkowski spacetime with an S 1 fibre; this shows it to be a Kaluza-Klein black hole. It has inner and outer horizons, both taking the form of an S 3 which is squashed. This squashing is not caused by any rotation and does not conflict with the spherical symmetry as it would in four dimensions.
We can then go on to look at some of the limiting cases of our, metric including the Reissner-Nordström 5d black hole, and the Kaluza-Klein black holes with squashed horizon of [1] , of which the spacetime is a generalization.
The solution we present can be classified by four parameters, the size of the inner horizon, the size of the outer horizon and 2 further parameters which together define the size of the S 1 fiber at infinity and the extent of the squashing. We also investigate an alternative description of the five dimensional spacetime, one in which the fifth dimension has been compactified leaving a four dimensional spacetime and a combination of Maxwell and scalar fields. In this picture our black hole solution relates to an exact solution of the equations of motion of these fields and the accompanying 4d spacetime.
Action and Equations of Motion
We used the Einstein Maxwell theory in five dimensions which is described by an action
This contains the scalar curvature R, the 5d Newton constant G, and a Maxwell field 2-form F µν . This action leads to the following equations of motion,
We have used conventional left-invariant one-forms of SU (2) which satisfy
We shall investigate static black hole solutions based on the isometry group SU(2)×U (1) that are charged, which we achieve using a metric of the form
The surfaces of constant r, t are three-spheres, but may be squashed if b(r) differs from d(r). The metric is static with the timelike killing vector ξ mu = δ t , and is a black hole solution providing f vanishes for some finite r in such a way that the geometry remains regular, we call the largest such r, r + . The charge of the spacetime comes from the Maxwell Field which can be investigated first, before we specify the solution.
Electromagnetic Field
We allow for an electromagnetic gauge field within the solution in the form of an electric charge. The Maxwell field, A, and its field strength F are related by the definition F = dA and we require this field to be time independent and respect the symmetries of the metric. This leaves only F ∼ dt ∧ dr. The lack of time dependence in turn allows for a natural gauge choice leading to the ansatz
1)
The equation of motion, (2.2), allows us to find g(r)
and so
Knowing the form the Maxwell field must take, we can find solutions to the Einstein equations of motion.
Metric
A solution to the above equations is given by:
where
This has a Maxwell field
This metric contains the four free parameters we mentioned in the introduction. r − and r + define the size of the inner and outer horizons. By convention we take r − < r + , implying r + relates to the outer-most horizon. The two parametersr and r ∞ together work to define both the squashing of the horizons and the size of the S 1 fiber at infinity.
The surface r = r ∞ actually relates to the spatial infinity of the spacetime and so, as we shall see later, the range of r is 0 < r < r ∞ .
(4.6)
The metric has a curvature singularity atr and so this must be excluded from the range of r, therefore r ∞ ≤r. This means the parameters must satisfy
To show the existence of the spatial infinity at r ∞ , and to find the behavior of the spacetime close to this limit, we want to investigate the structure in the asymptotic limit. We can achieve this with a change of coordinates
Asymptotic Structure
We have said that the spatial infinity of the spacetime can be found at r = r ∞ . This can be seen by the change of radial coordinate, and so we introduce a new coordinate ρ by
which ranges from 0 to ∞ as r ranges from 0 to r ∞ . We also introduce a re-scaled time coordinate as T 2 = f (r ∞ ) t 2 . Introducing new parameters
3)
These can be inverted to give the relation
The metric can then be written as
with the new parameter given by
These give the asymptotic form as ρ tends to infinity
which we recognise as four dimensional Minkowski spacetime with a circle fibred over it, Hence the limit r → r ∞ corresponds to the spatial infinity. It is also simple to show that the locations r − and r + are regular co-ordinate singularities and behave as horizons. This, combined with the solution's asymptotically locally flat nature, is the property of a Kaluza Klein black hole. Using the metric written in this form we can investigate more of the physical properties, those occurring far from the origin and horizon.
Physical properties 6.1 Surface Gravity
An important quantity in the study of black-hole thermodynamics is the surface gravity defined by
where k µ are the components of a timelike Killing vector, normalized at infinity. This evaluates to
In the extreme limit of charge where r + = r − we see that this has a vanishing surface gravity, as is common to other charged black holes. The surface gravity then leads to the the Hawking temperature of the black hole
Within the horizon
While the horizons r − and r + are regular, we do have a physical singularity hiding behind these horizons at r = 0. This singularity is time-like and occurs at r = 0. This is seen by the divergence of the Kretchmann scalar invariant as r → 0.
(6.4)
Mass and Charge
Using the time-like Killing vector ξ mu = δ t / √ f ∞ , which is normalized at the spatial infinity, we can find the mass of the black hole using the definition
where the integral is taken over the three-dimensional topological sphere at the spatial infinity. This evaluates to
The electric charge comes from the Maxwell field and is defined by a surface integral at spatial infinity,
where the integral is taken over the three-dimensional topological sphere surrounding the black hole.
These physical constants, and also the physics of the spacetime, are similar to those of previously discovered solutions to Einstein Maxwell theory, most notably that of [1] . In fact by taking different limiting cases of our solution, we recover this, and other previously described solutions.
limits
By taking various limits of our four parameters (r − , r + ,r, r ∞ ), making sure that (4.8) is satisfied, we may recover some other, known, solutions.
Ishihara-Matsuno Limitr → ∞
In the limitr → ∞ we get the result d(r) = 1 (7.1)
This recovers the metric of [1] , which contained three parameters.
Unsquashed Limit r ∞ →r
In the limit r ∞ →r we get the result
This creates an unsquashed and charged black hole, however it is not the metric of a 5d Reissner-Nordström black hole unless we simultaneously imposer → ∞.
Extremal Charged Limit r − → r +
In the limit r − → r + we find that the surface gravity of the black hole vanishes and we get a black hole which has only one horizon but is still charged under the Maxwell field; this is an extremal charged black hole. These black holes are interesting as they seem stable against Hawking radiation, they also present new thermodynamics [7, 8] due to their zero temperature. If we impose this limit simultaneously with the unsquashed limit andr → ∞ we get extreme 5d Reissner-Nordström black hole.
7.4 Uncharged Limit r − → 0
In the limit r − → 0 we find that all the Ricci tensors vanish, we get a Ricci flat spacetime. It implies by (4.5) that the Maxwell field vanishes meaning that all electromagnetic fields vanish and we get an uncharged space time. Imposing this limit in addition to the extremal limit (ie r − , r + → 0) gives us a monopole solution [9, 10] . If we impose this limit simultaneously with the unsquashed limit andr → ∞ we get the usual 5d Schwarszchild-Tangherlini black hole.
4D Compactification
We can investigate how this spacetime would be viewed by a distant observer probing the spacetime on scales larger than that of the circle fibre. They would detect the compact dimension as a scalar field, as is shown in [11] , and would consider the geometry to be four dimensional.
The Reduced Action
Reducing our action on the S 1 fibre, following the standard Kaluza-Klein proceedure [11] , gives a four dimensional effective action 
Where
• R 4 gives the curvature of the remaining four dimensional base spacetime
• F (4) comes from the Maxwell field-strength in the four non-compact directions previous solution the size of the S 1 fibre at infinity was fixed once the mass, squashing and electric charge are chosen, in our solution the extra parameter,r, allows us to also choose the size of the S 1 fibre (subject to (4.8)). Further generalizations may also be possible, in particular rotation may also be included [13] , along with the addition of a Chern-Simons term in the action [14] . Note that for our solution F ∧F = 0, so it is also a solution of Einstein-Maxwell theory with a Chern-Simons term, eg 5D supergravity.
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